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The direction cosine matrix or attitude matrix is the most fundamental 
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Other minimum (three-parameter) representations: 

Gibbs vector is infinite for 180° rotations, but useful for analysis 
Modified Rodrigues Parameters are nonsingular, no trig functions 
Rotation vector <|) is nonsingular, but requires trig functions 



This is intended to be a critical review of well-known material. 


C/3 

3 
O 
%— » 

3 

4— > 

c 

C/3 OQ 

<D 

^ cj ^ 


to 

Sj 

£ 


<D 

<u 

T 3 

3 


<o 
3 I 


£ 

g 


ro 

^t 

d. 

04 


o 


CO 

& 
2 


<D 

> 

i— 

3 

00 


c/3 

• 1-H 

CD 

O 

c 

<D 

Urn 

,<D 

c +- 1 

<D 

Uh 

U 

To 


C /3 

4— > 

C/D 

<D 

X) 

(D 

X 

H 


£ 


<-H 

<D 

X) 


C/3 

c 

o 

• H 
+-> 

3 

-*-* 

a 

<D 

C/3 

<D 

S -4 


s 

e 

0) 

o 

<L> 

Oh 

0) 

Uh 

tin 

X 

« H 



C/3 

JD 


Q 

G 

J3 



3) 

-£ 

1 





3 

4^k 

c 

JL 

<D 

£ 

o 

S3 

3) 


3 

J— i 

Uh 

X 

o 

X 

<D 

3 


JJ 

3 


o 

<H— i 

• t-N 

00 

3 


PQ 

C/3 

3 

JS 

C/D 

C 

O 

#N 

<L> 

X 

4— > 
t-H 

o 

U 

3 

< 

X 

C/3 

JO 

3) 

3 

T3 

<D 

# N 

o 

1) 

> 

.2 

< 

< 

3 

jo 

o 

£ 

t-H 

O 

o 

O 

<D 

J-H 

J3 

3 

Jo 

3 

!— 

<D 

3 

<D 

*5 


£ 

5 

W 

PJ 

O 


3 

O 


<D 

4 — < 

3 

3 

a 

C/3 

J-i 

<D 

4 ) 

6 

cd 

a 3 

Oh 

o 


<D 

s 

6 

00 

C/3 

3 

# W> 

‘C 

’d 

o 

d 

M 

3 

tu 


3 

m O 

> 

3 

# N 

*n 

<d 

s 

C 3 

u< 

o 3 

Oh 

cS 

U 

r> 

C/3 

S-i 

<U 

a> 

£ 

3 

c 3 

Oh 

C/3 

<D 

3 

to 

-a 

o 

d£ 

t-H 

o 

4—* 

a 

<D 

> 

C/3 

X 

X 

3 


X) > 


<D 

£ 


Modified Rodrigues Parameters 



Direction Cosine Matrix or Rotation Matrix 




This gives six constraints on R, since I is symmetric, so the 3x3 matrix R has six 
redundant components. This reflects the three-dimensionality of the rotation group, 
but this group has no globally nonsingular 1-1 three-dimensional parameterization. 
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rotations can be mapped to points in a sphere of radius n in rotation vector space, 
where points at opposite ends of a diameter represent the same 180° rotation. 

This can be written as a matrix exponential, R(e,(j)) = exp[<|>x]. 



Kinematics of the Direction Cosine Matrix 


O 



However, numerical errors can cause the direction cosine matrix to lose 
orthogonality, and it is not especially easy to restore it. 



Euler Angle Parameterization 



six asymmetric sets: 123, 231, 312, 132, 213, and 321. 
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The last step follows from the invariance of the axis of rotation. 




ATAN2[n 3 *(n, xn 2 ), (n 2 xn 3 )-(n 2 xn,)]. 



Necessary Condition (II) 
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We also have fij-vsnjAn, = /3 + £cos(tf-A) = cos(tf-/l). 



Extraction Of Euler Angles From Rotation Matrix 

First find from # = A + crACOS(nrAnA where o = + 1 . 







cosi/a n[ Ah 2 + siny/'(n 2 xn 3 ) r An 2 ] . 

You can set an arbitrary value for ATAN2(0,0), if this appears in either case 



Sufficiency Of This Parameterization (I) 

The rotation matrix can be written as the product 
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Take this basis to be 



Sufficiency Of This Parameterization (II) 

Thus we must be able to find angles (p , and y/ such that 
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[sin(tf-A)] l [n 3 xn 2 : sin($-A)n 2 : sin(#-A)n 3 -cos($- A)(n 3 xn 2 )] 7 . 



Relation To The Conventional Euler Angles 

ventional Euler angle sets are subset of generalized Euler angles: 
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Quaternion or Euler-Rodrigues Symmetric 

Parameters 
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This is the opposite of the historical convention, which has the opposite sign of the 
cross product, so that R(q' )R(q) = R(qq ' ). The advantage of the convention 
adopted here is that the order of quaternion multiplcation is the same as the order of 
mutiplication of direction cosine matrices. 



Quaternion Kinematics 
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orthogonal direction cosine matrix. 



Gibbs Vector or Rodrigues Parameters (1840) 
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The Gibbs vector is infinite for 180° rotations (the equator of the 4-sphere). 



Modified Rodrigues Parameters 




and rediscovered by Modi and Marandi (1987) 



